MS2002 Summer 2012

1. (a) Consider functions f : [a,b] = R and F : [a,b] — R. What does it mean to say
that F is an anti-derivative of f7? S

(b) Suppose that g : [1,4] — R and h : [1,4] — R are continuous and positive;
ie. g(x) > 0 and h(z) > 0 for all z € [1,4]. Illustrate each of the following

properties using diagrams:

4
W [ s@drzo T
(ii) If g(z) < h(z) for all z € [1,4], then

4

/fg(:v)dxg/ h(zx)dz. Z

J1

(iil) For every 1 < c < 4

/fg(:c)dx2/109(a:)dx+/c4g(a:)da:. %

(iv) Where M is the maximum of g(z) on [1,4]:

P

4
/ g(z) dz < 3M.
1

(c) Evaluate each of the following

o | (ﬁ-f—l) da "

/2 .
(ii) / cosx e’ dx
Jo
T
2. (a) Define the natural logarithm function In : (0, 00) — R for z > 0 and write Hown
the value of In(1).

Prove that In(ab) = In(a) + ln(l§for all a, b > 0.

Hence using induction, or otherwise, prove that In(a™) = n lnta) for alln € N

and a > 0.
(b) Express
i
(x + 1)%(z — 2)
in partial fractions and hence find 9’

/ (z+ 1)2/(.1: - 2) o

(c) Use integration by parts twice to find

/. r2e® dx. (7
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3. Roughly sketch the region R bounded by the curves y = 22? ~5x+4 and y = 5z — 222

4.

’s
4

(a)
(b)

()

(a)

Find the area of R.
The region R is rotated about the z-axis. Compute the volume of the resulting
solid. ‘

The region R is rotated about the line y = —1. Compute the volume of the
resulting solid.

Let & > 0 be a real constant. Find the general solution of the differential
equation

dy
—= = —ky.
dx Y

Write your answer y(z) in terms of z, k and a constant of integration C.

Using an integrating factor, or otherwise, solve the following differential equation
5 T ITY =7,

where y(0) = 4. Express your answer in the form y = f(z).
2 ,
Consider the integral [ = / z*dz. Show that the n = 4 trapezoidal rule

0
approximation, T}, overestimates the value of I by either appealing to a sketch
of y = z? or by directly calculating I and T}.
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