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One has to choose 1 and dv correctly for the method to work. In the last example, if we had
taken u = 1 and dv = In{z) dz, we would have been stuck because to continue we need to
‘know v, and finding this is the same problem as evaluating the original anti-derivative.

Similarly, a poor choice of v and dv can make things worse instead of better. Consider
J= [xe® dz. If weset u=e¥, dv = xzdz, then du=e"dz, v= 22/2, so

1 1
fudv:.]=uv—['udu=ﬁmzem—/iaﬁemdm.

While this equation is true, it is of no help to us since we have replaced the original integral
by a more difficult one. If instead we had started by choosing v = z and dv = &* d:ﬂ then

integration by parts works. "
udv Cudy = u.v=vdu
4. Autumn 2013 Evaluate / @ iz )
r 1 8
Sclution: Here it is not clear that an integration by parts is necessary... surely this is in the

tables? It’s is not actually so lef us try an integration by parts., Let [ = I Inxdx. First up;
choose u according to LIATE. That is v = Inz... and dv? Noy we hav

v -\ax

V=
L Sdu =< L.dx vz fdv ={dr =2
oW uSing +he ‘ormula

M f’;V—u |nx I IZ/( ‘ JI = X. |nx-jlal:(

=X lux-x

However this i an integral with limits so we do top limit minus bottom limit:
Cine-dx = [x-tnx-2]7

. sCelne = e)_(nnl--l)*"i.

= l (e-nm
2 @-86
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Figure 4.2: The shape is convez and so we zan get an upper bound using a triangle; note that e is
a number, e &~ 2,718,
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/2
5. Evaluate / Tsin 2z dx.
0

Solution: Firstly we will fird an ‘anti- derwatwe by ﬁnd1 v l dV

o

and worry about the limits later. A w-substitution w = 2z leads to I = -% Jwsinwduw... we

choose u = z by LIATE. Hence we have dv = sin 2z dz. We want to use | wdv = uy — f vdu

s0 will need v.and du. Differentiating u and integrating dv does this for us:

V= Jé‘ia{lﬁﬂd( W=2x

: s>dw=2 e =
= SSE-A( W) . &:‘:’. 3?}\0 =2dx ;%“
=4 Sm(w)t"-b’ > du-

= 4L (-cos w) =%y °°5(2x)
Ju l\; = ;Cth( lem( 3'()) j( L cos2 t) d“:
= — - cosgx) -LESCOS(ZXSA-'(

! = 1
We “ave ;:at / cos2x dr = 2 sin 2z so we have

3 [ cosas)de = 3 (Jointan)

(:0:-;2’.15"_'_1S 7
1
R

%
Now we st }:‘_g in Lae limits to evaluate the integral:

) 1x +_L Sindx
J ’x siaQx)dx = [ = - cos +q L

£HC 07 ’
f=—x

(u,._ t..@_;-t_LSmn) ( C+——5“"0)
CZ 2

%

where we used the fact that cost = —1, sinm = 0 and sin0 = 0.
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4.4 Mensuration

4.£°  Area & Oen. oic.of a Bounded Region

y=fG)
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Pigure 4.4: Imagine tie regica as a thin 3D object: a lamina.

X

B""“'""' sillitn masem i

Wle area vsiar a pesitive fusaiis

between points z = o and z = 5 is given by the integral f f{(z)dz. This alows us 52 find the ¢ .-,

of bounced curves by tae oo ltivity of area.

Suppose that we have an area bounded by the graph of a

y=fx)

il

function asAhown:
S
.
rd

4

b

X

Figure 4£.5: How do we find the centroid of the bources region {lamina)?

Fl -~

Suppose that we wanted to balance the lamina on a point. Where can tkis zo'=t ba, Dornd? It turns
out that the answer tc this question is given by the coordinates

-

Jtydz fayds _ 3 [4°

T = , Y=

dx _ %fyz,d:ic

fyde A

where ¢+ = f(z). Noz that A = [ ydz. These formulae

Jydz

1 (4.2)

’

wil be given to you in the exam and

‘are C:rivad in these =cles in an appendix if you are so inclited. Tyrically you will have found the

dencrunators the area of the bounded region, in part ().
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‘1. Determine the area between the curve y = 22% + 3 |, the z-axis, and the ordinates at z = 0
and = 3.

Solution: The first thing to do is to sketch a graph of the furction. There are various ways of 1

doing this but what we should note here is that y = 22% 4+ 3 is a ‘happy’, |J quadratic. The
next thing to note is that everything is positive. Therefore, ro.skly, the function looks like:

IS

—_ X

Figure 4.6: We find the area by integrating from z =0 to =z = 3.

If nececsary, y‘ou can plot points to get an idea of what the curve looks lil:z, e.g.

l_;drb . T
Afybe =] a3y [2 =9k
9-(._) *3@)) "{0 -to) =2 F

"

. Jetermine the ceniroid < the bounded region between tae carve y = S22 + 3, the z-axis, and
the ordinates at x =7 end 2z = 3.

? .
¥ d 1r42d o
Solution: We use th= formulae T = f el = M Recal tnat A = fy dxz = 27.

M g de = [3(22>+3:)dx
do 213 0

=L9_;_ +3

= (20 3(3) N-(° +0)

54 ’

-



(2243} -(2%"3) = Le x4 +bx 46X “ +4
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Now we look at y2d$ : 2, ( |
=[P’ Y = ‘(ux‘u 12x49)dx

"‘[L}.;_ +\Q_§ "l'qx

u(__}‘.m(s) +‘?C3)) ~(0+0+10 )
329«,

New puttigg it .. togethe W(;, ha:.'e - l/ , G& ‘L( 32? ‘;)
5 o - :n »d 5.[35_ 2%
| & = 6.1

[Merking Scheme: Autumn 2014

Let /7 52 a constant and consider the region R bounded by the curve y = EcF cevween =1 aud
z = I/ as shtwn. A

-y

i. Show that the areaof R is 1 — %
2 Mark]



